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Abstract 
The concepts of two-way coordinates and one-way coordinates are used to describe the different characteristics of two key 

aquifer parameters, transmissivity and storativity, under constant-rate pumping conditions. A two-way coordinate is such that the 
conditions at a given location are influenced by changes in conditions on either side of that location; a one-way coordinate is such 
that the conditions at a given location are influenced by changes in conditions on only one side of that location. Results from 
sensitivity analysis indicate that storativity has the characteristics of two-way coordinates, but transmissivity has the characteris
tics of one-way coordinates, i.e., its information can be transferred mainly from upstream to downstream. An upstream 
observation well can produce information on storativity both upstream and downstream, but it can produce little information on 
transmissivity downstream. 

These characteristics ofthe aquifer parameters have important implications on pumping-test designs and interpretation. For 
example, to estimate the parameters of an anomalous zone in an aquifer, an observation. well should be located downstream but 
near the zone. It should not be placed upstream ifthe parameters downstream are to be estimated. An observation well which can 
provide adequate information for estimating storativity may not provide adequate information for estimating transmissivity, and 
vice versa. The aquifer area represented by estimated storativity may be different from that represented by estimated 
transmissivity. 

Introduction 
The influence of heterogeneities on aquifer parameter esti

mation based on pumping tests has received much attention for 
years. A sensitivity analysis is used as an important approach to 
understand the behavior of hydraulic parameters in an aquifer 
with zones which have parameters significantly different from 
those of the background aquifer (e.g., McElwee, 1982; Butler, 
1988; Butler and McElwee, 1990; Jiao, 1995). The findings about 
the features of these anomalous zones in the context of pumping
test analyses can be summarized as the following: (1) A parame
ter can be best estimated from drawdown-time data when the 
sensitivity of the parameter is not only large but also changing 
significantly with time; (2) The influence of anomalous zones on 
drawdown during a pumping test lasts only a limited time; 
(3) The influence of a zone less permeable than the background 
aquifer material is much larger than that of a zone more perme
able; and ( 4) It is easier to estimate transmissivity than storativity 
because transmissivity sensitivity is usually much larger than 
storativity sensitivity. 

It has been demonstrated that the area represented by the 
estimated parameters is much smaller than that covered by the 
cone of depression (Jiao, 1993). Therefore, after parameters are 
estimated, it may be of interest to know what portion of the 
aquifer is primarily represented by the estimated parameters. 
Before a pumping test, it may also be necessary to design the 
location of an observation well in such a way that the informa
tion on a particular portion of the aquifer can be best obtained. 
This requires an understanding of the relationships among the 
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characteristics of aquifer parameters, flow field, and the spatial 
coordinates. 

While most studies are concerned with the general features 
of the properties of anomalous zones, Oliver ( 1993) seems to be 
the first to concentrate specifically on the different characteristics 
of transmissivity and storativity in response to pumping. He 
concluded, based on a particular case study, that the influence of 
storativity is nearly radially symmetric so that the effect of a 
low-storativity region is essentially the same in any direction, but 
the influence of transmissivity on drawdown at observation wells 
is not spatially uniform within that area. This suggests that 
storativity and transmissivity have different characteristics related 
to spatial coordinates. 

An attempt is made in this paper to examine the different 
characteristics of transmissivity and storativity under constant
rate pumping conditions using numerical simulations. Two con
cepts, two-way coordinates and one-way coordinates, which 
were first used in numerical heat transfer and fluid flow 
(Patankar, 1980), are introduced to understand the character
istics of these two parameters. A two-way coordinate is such that 
the conditions at a given location are influenced by changes in 
conditions on either side of that location; a one-way coordinate 
is such that the conditions at a given location are influenced by 
changes in conditions on only one side of that location. For 
example, the flow field between two rivers provides an example 
of two-way coordinates. The head at any given point in the flow 
field is influenced by changing the head of either river. Another 
example is solute transport. For dispersion-dominated prob
lems, space coordinates are two-way coordinates. But a space 
coordinate can very nearly become one-way under advection. If 
there is a strong unidirectional flow in the coordinate direction, 
significant influence travels only from upstream to downstream. 
Conditions at a point are then affected largely by the upstream 
conditions and very little by the downstream ones. Advection is a 
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one-way process, but dispersion has two-way influence. For 
advection-dispersion problems the properties of space coordi
nates have the dual properties of one-way and two-way coordi
nates. When the velocity is large, advection dominates over 
dispersion and thus makes the space coordinate nearly one-way. 
It becomes necessary to use special numerical methods such as 
upstream-weighted methods and characteristics methods to 
account for one-way properties of spatial coordinates in advec
tion-dominated problems (Jiao and Chen, 1987; Zheng and 
Bennett, 1995). 

In this paper, the sensitivity features of drawdown to aqui
fer parameters under constant-rate pumping conditions in one
dimensional flow systems are first examined to investigate the 
different characteristics of transmissivity and storativity. The 
influence of the location of an anomalous zone on drawdown in 
an observation well is further studied by analyzing the sensitivity 
features of aquifer parameters in radial one-dimensional flow 
systems. Finally, the impact of the characteristics of transmissiv
ity and storativity on their estimation is demonstrated using a 
hypothetical example. 

Sensitivity Analysis 
A sensitivity analysis is the study of a system's response to 

various disturbances. The response of the aquifer system may be 
expressed in terms of drawdown or hydraulic head. Because 
pumping-test analysis is of particular concern, drawdown, s, is 
used. Mathematically, the sensivitity is the partial derivative of 
drawdown with respect to a model parameter. For example, the 
sensitivity of drawdown to transmissivity, T, can be defined as: 

as 
UT=

aT 
(l) 

A disadvantage of the sensitivity defined by equation ( 1) is that 
the magnitude depends on the dimension and unit of the particu
lar parameter. A normalized sensitivity can be defined as (e.g., 
McElwee, 1987): 

as as 
U'T=T-=--

aT aTjT 
(2) 

The normalized sensitivity describes the influence of ratio 
change in a parameter. Thus, normalized sensitivities can be 
readily plotted together and compared. The storativity sensitiv
ity Us or normalized storativity sensitivity U's can be defined in 
the same way. In terms of parameter estimation, the absolute 
magnitude of a sensitivity, not its signed value, is of importance. 
In the following discussion, when the word "sensitivity" is used, 
the absolute magnitude of sensitivity is implied. 

There are three methods for determining sensitivity coeffi
cients of aquifer parameters: ( 1) analytical expressions; 
(2) numerical solution of a partial differential equation; and 
(3) finite-difference approximations (Beck and Arnold, 1977). 
For simple ground-water problems, there are analytical expres
sions for parameter sensitivity. When analytical solutions are not 
available, numerical solutions can be used to determine sensitiv
ity. Sensitivity equations can be easily derived from flow equa
tions and solved by conventional numerical approaches used for 
flow modeling. For instance, sensitivity equations were solved by 
Sykes et al. (1985) using the Galerkin finite-element method to 
assess the uncertainty of prospective radioactive waste reposi
tories. Jiao (1993) solved sensitivity equations modified from a 

26 

Downstream 
locatlon 

Upstr~am 
location 

..c: X 
(.) ...... . .... 
Cl 

Flow direction Observation well 
Fig. 1. Schematic representation of an observation well, and the 
upstream and downstream locations of an anomalous zone in one
dimensional flow field. (Background aquifer parameters T' = 60 m2/d, 
S' = 6 X 10-3

; zone parameters T' = 6 m2/d, S' = 6 X 10-4
). 

radial numerical flow model by Rushton and Chan (1976) to 
understand the sensitivity features of pumping-test drawdown to 
aquifer parameters. However, the easiest and most straight
forward method is the finite-difference approximation. For 
example, by running the flow model twice with two slightly 
different values of a parameter, say T, the sensitivity is simply 
given by: 

s(T + ~T)- s(T) 
UT = ~sj ~T = -----

~T 
(3) 

The approximation becomes increasingly accurate as ~ T 
approaches zero. Jiao (1993) demonstrated that, for radial flow, 
the sensitivities evaluated from the above approximation are 
virtually identical to those using a numerical solution to the 
corresponding partial differential sensitivity equations. 

In this paper, for sensitivity analysis in simple one
dimensional flow, the finite-difference approximation is used. 
For sensitivity analysis in radial one-dimensional flow, the sensi
tivity equation modified from a radial numerical flow model 
(Jiao, 1993) is used. The details on how sensitivity equations are 
derived from flow equations and then solved numerically can be 
found elsewhere (e.g., McElwee, 1987; Jiao, 1993). 

Characteristics of Aquifer Parameters 
in One-Dimensional Flow 

Consider a semi-infinite aquifer (Figure 1). The left bound
ary is a fully penetrating ditch. The parameters of the aquifer are 
T'= 60 m2jd, S'= 6X 10-3

. Aftertimet>O, water is pumped out 
from the ditch at a constant rate q = 0.025 m2/d. A simple 
finite-difference model with space increment ~x = 100 m is used 
to simulate the drawdown in the aquifer. The right boundary is 
chosen to be at 1000 km so that no drawdown is observed at the 
boundary during the pumping period of 100 days. An observa
tion well is located at x = 900 m. Assume that there is an 
anomalous zone of200 mlongwhich has parameterT= 6 m2/d, 
S = 6 X 10-4

, and is 300 m from the observation well. The 
different influence of this zone on drawdown at the observation 
well when the zone is located downstream and upstream of the 
well will be investigated. 

Figure 2a shows how the normalized sensitivity of dimen
sionless drawdown [(2(rr) 112 T's)/(q!lx)] to downstream zone 
storativity (Sct) and upstream zone storativity (Su) changes with 
dimensionless pumping time [T't/ S'(~xi]. Although the down
stream storativity is always more sensitive than the upstream 
storativity, the difference becomes small as pumping continues. 

Figure 2b shows how the normalized sensitivity of dimen
sionless drawdown to downstream zone transmissivity (Tct) and 



upstream zone transmissivity (Tu) changes with dimensionless 
pumping time. The Td sensitivity increases to a maximum and 
then gradually decreases with time, but Tu sensitivity increases 
with time during the whole pumping period. The Tu sensitivity is 
generally much larger than Td sensitivity except at the very 
beginning of pumping when the aquifer near the upstream zone 
is not yet disturbed. 

Comparison of Figures 2a with 2b shows that the difference 
between Sd and Su is generally much smaller than that between 
Td and Tu. As time increases, the former decreases significantly 
and the latter increases. In terms of storativity, the influence of 
the upstream and downstream zones on the drawdown in the 
observation well is of the same order of magnitude, but, in terms 
of transmissivity, the influence of the upstream zone is much 
more significant. This indicates that transmissivity has the char
acteristics of one-way coordinates and storativity has the char
acteristics of two-way coordinates. These characteristics become 
more obvious as pumping continues. 

The different magnitudes of the sensitivity values shown in 
Figure 2 have important implication in parameter estimation. It 
is much easier to estimate transmissivity of the zone than stora
tivity because transmissivity sensitivity is much larger than 
storativity sensitivity; it is much easier to estimate the upstream 
transmissivity of the zone than to estimate the downstream 
transmissivity because Tu is much larger than Tct. When the 
sensitivity of zone storativity approaches a constant as shown in 
Figure 2a, essentially no information can be gained about the 
storage properties of the zone from the drawdown data. The 
same is true for the transmissivity of the downstream zone. More 
detailed discussion about these general sensitivity features of 
anomalous zones can be found in Butler and McElwee (1990), 
Butler and Liu (1993), and Jiao (1993). 
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Fig. 2. Change of normalized sensitivities of dimensionless draw
downs [(2(7r) 112 T's)/(q~x)]to (a) storativity and (b) transmissivity of 
downstream and upstream zones with dimensionless time 
[T't/S'(~x)2 ]. 
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Fig. 3. Schematic representation of two-zone aquifer in a radially 
symmetric system. 

Characteristics of Aquifer Parameters in Radially 
One-Dimensional Flow Field 

Consider a radially symmetric aquifer of two zones. The 
aquifer configuration, well locations, pumping rate, and 
parameters are shown in Figure 3. The aquifer is assumed to be 
confined and extended to infinity. 

Figure 4 shows how the normalized sensitivities of dimen
sionless drawdown [(47rTzs)/ Q]to S1 and T1 change with dimen
sionless time (Tz tj Szl 2

), where I is the radius of inner zone. The 
general sensitivity features shown in Figure 4 have been dis
cussed in detail (Jiao, 1993). What is of interest here is the 
different characteristics between transmissivity and storativity. 
Figure 4a shows that the maximum storativity sensitivity for the 
well at 17.8 m is about 17% of that at 4.2 m. However, Figure 4b 
shows that the maximum transmissivity sensitivity at 17.8 m is 
only about 3% of that at 4.2 m. This indicates that an upstream 
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well can still give some information about the storativity down
stream, but it gives little information about transmissivity down
stream. Consequently, it is possible to estimate S 1 using the 
drawdown in Zone 2, but it is much more difficult to estimate T1 
using the drawdown in Zone 2. 

Note the temporal change in the sensitivity of drawdown in 
Zone 2 (at r = 17.8 m) to T1. It increases to a maximum and then 
gradually decreases with time. Considering Figure 2b, this seems 
typical for the sensitivity of drawdown upstream to the transmis
sivity downstream. 

Figure 5a depicts the sensitivity behavior of dimensionless 
drawdown[(4rrT2s)/Q] to S2 with dimensionless time (T2t/ S212). 
In both wells the sensitivities increase and then maintain a 
maximum for the duration of pumpage. At the beginning, the 
sensitivity in the well at 17.8 m is slightly greater than that of the 
well at 4.2 m. In terms of parameter estimation of S2, both wells 
are almost equally good, although at the beginning, the well in 
Zone 2 may be slightly better. 

Figure 5b shows the sensitivity of drawdown to T2. In both 
wells, during most of the pumping time, the sensitivity continues 
to increase with time. The two observation wells, which are 
located in different zones and are over 13 m apart, show almost 
the same sensitivity. The sensitivity of drawdown in Zone I to T2 
is even slightly greater than that of drawdown in Zone 2. This is 
significantly different from the sensitivity of drawdown to T 1, 
and also different from the behavior of sensitivity to S2. It 
implies that the drawdown in Zone I is theoretically more 
informative in terms of estimating T2, although the difference is 
small. 

Implications on Parameter Estimation: 
A Hypothetical Example 

The above discussion shows that transmissivity and stora
tivity have significantly different characteristics, as indicated by 
different sensitivity features. The influence of these character
istics on parameter estimation in nonuniform aquifers is examined 
using the aquifer configuration and parameters shown in Figure 
3. The drawdowns are calculated and then used as "observed" 
data to estimate the true parameters by the Gauss-Newton 
optimization method. Because the data are error-free, the 
parameters can be estimated accurately even when the sensitivity 
is very small. It is therefore not possible to discuss the effects of 
drawdown insensitivity on flow property estimation. Some kind 
of artificial error must be added before these drawdown data are 
used. Many researchers use artificially generated errors for hypo
thetical discussion (e.g., Knopman and Voss, 1987; Yeh and Sun, 
1985). Most of them assume that error is normally distributed 
with an arithmetic mean of zero and a variability which depends 
on the noise level. The normally distributed error is also used in 
this discussion. It is assumed that the variability is dependent on 
the average drawdown with respect to time. 

The radial numerical model (Rushton and Chan, 1976) is 
run with the true parameters (see Figure 3), exact drawdowns are 
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"observed." Then the drawdowns are "noised" by adding nor
mally distributed errors with a mean of zero and a standard 
deviation equal to I% of the average drawdown of a particular 
observation well. The "observed" drawdowns are then used to 
estimate parameters by means of the unconstrained Gauss
Newton method. The true parameters are used as initial "guess." 

As shown in Table I, the drawdowns in 01 (the observation 
well in Zone I) can lead to reasonably good estimation of 
parameters in both zones. The error in T 2 is smaller than that of 
T 1 but the error in S 2 is larger than that of S 1. This is because the 
sensitivity of drawdown in 01 to Tz is larger than that to T1 (see 
continuous lines in Figures 4b and 5b ), but the opposite is true 
for the sensitivity to s I and s2 (see continuous lines in Figures 4a 
and 5a). The error in estimated storativity of a particular zone 
seems smaller when the drawdown in that zone is used, because 
the drawdown is most sensitive to the storativity near the obser
vation well. When 02 is used, although it can produce good 
estimation of the parameters of Zone 2, the estimated parame
ters in Zone I, especially T1, are highly erroneous; because the 
sensitivity of drawdown in 02 to T1 is very small, as shown by the 
broken line in Figure 4b. 

A more general conclusion can be made from this example: 
an observation well downstream can be used to estimate both 
transmissivity and storativity downstream as well as upstream, 
but an upstream observation well may not be used to accurately 

Table 1. Estimated Parameter Values with Respect to the Locations of Observation Wells 

Well 
Zone I Zone2 

used T1 (m 2/d) error(%) 104 S, error(%) T2 (m 2/d) error(%) I04 S2 error(%) 

01 633.6 +6 0.92 -8 901.3 +0.1 1.58 -21 
02 246.6 -59 0.53 -47 896.4 -0.4 2.02 +I 
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estimate downstream transmiSSIVIty. Storativity reflects the 
aquifer's ability to release water; it has the characteristics of 
two-way coordinates. It depends on both the upstream and 
downstream portions of the location where it is "sampled" and 
can be estimated by drawdowns both upstream and down
stream. The estimate of S 1 from the drawdown in Zone 2 is 
erroneous because, in the radial flow model, the sensitivity of 
drawdown in Zone 2 to storativity is very small due to the 
distance from 02 to Zone 1. However, the reason for the er
roneously estimated T1 by drawdown in Zone 2 seems deeply 
rooted in the characteristics of the parameter. Transmissivity 
reflects the aquifer's ability to transmit water; it has the property 
of one-way coordinates. Information on transmissivity can be 
transferred mainly from upstream to downstream. The informa
tion on the transmissivity of the downstream portion of an 
aquifer cannot be well reflected by the drawdown in the 
upstream portion aquifer. 

This example also shows that parameters estimated from an 
observation well very near the pumping well can represent the 
flow properties of both the aquifer portion near the pumping 
well and the portion in the distance. Parameters estimated from 
an observation well at distance will, however, represent mainly 
the flow property of the aquifer between the location of the 
observation well and the distant portion of the aquifer which is 
influenced by the pumping. Similar conclusions were also 
reached by Butler and Liu (1993). 

Summary and Discussion 
The different characteristics of transmissivity and storativ

ity under constant-rate pumping conditions have been examined 
and the influence of these characteristics on parameter estima
tion investigated using a hypothetical example. The results show 
that transmissivity has the characteristics of one-way coordi
nates and storativity has the characteristics of two-way coordi
nates. Information on transmissivity is transferred mainly from 
upstream to downstream. More specific conclusions can be pre
sented as: (1) Sensitivity behavior of storativity is significantly 
influenced by local flow properties, but that of transmissivity is 
controlled mainly by the general flow properties of the flow field; 
(2) Drawdown in an observation well is more sensitive to the 
storativity of a downstream zone than that of an upstream zone, 
but the difference is not significant; (3) Drawdown in an observa
tion well is more sensitive to the transmissivity of an upstream 
zone than that of a downstream zone and the difference is very 
significant. The sensitivity of drawdown to transmissivity of a 
downstream zone is characterized by a small positive value over a 
limited time period. 

The above conclusions have implications in pumping-test 
design and parameter estimation in nonuniform aquifers. In 
order to estimate the parameters of a zone and the background 
aquifer, an observation well should be located downstream but 
near to the zone. It should not be placed upstream if the parame
ters downstream are to be estimated. An upstream well can 
produce information of storativity of both upstream and down
stream, but it cannot produce much information about the 
transmissivity downstream. Because of the different character
istics between transmissivity and storativity of a nonuniform 
aquifer, a well may provide adequate information for storativity 
estimation, but may not provide adequate information for 
transmissivity estimation. The aquifer area represented by esti
mated storativity may be different from that represented by 

estimated transmissivity even when both are estimated from the 
same data. Estimated storativity may reflect the features of the 
aquifer downstream more than that of the aquifer upstream, but 
the estimated transmissivity may represent mainly the features of 
the aquifer upstream. 

In this paper, examples are limited to confined aquifers, but 
the general conclusions may be true for unconfined aquifers with 
thickness significantly larger than drawdown. The discussion on 
the characteristics of aquifer parameters is based on constant
rate pumping conditions in one-dimensional flow systems. The 
characteristics of aquifer parameters under more general condi
tions, such as regional two-dimensional flow fields, may be 
different and is a topic for further investigation. 
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