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ABSTRACT

mt3d: a modular three-dimensional transport model

This documentation describes the theory and application of a modular three dimensional
transport model for simulation of advection, dispersion and chemical reactions of dissolved
constituents in groundwater systems. The model program, referred to as M T3D, uses modular
structure similar to that implemented in MODFLOW, the U. S. Geological Survey (1988). This
modular three-dimensional finite-difference groundwater flow model (McDonald and
Harbaugh 1988). This modular structure makes it possible to simulate advection, dispersion,
sink/source mixing, and chemical reactions independently without reserving computer memory
space unused options. New transport processes and options can be added to the model readily
without having to modify the existing code.

The MT3D transport model uses a mixed Eulerian-Lagrangian approach to the solution of
the three-dimensional advective-dispersive-reactive equation, in three basic options: the method
of characteristics (referred to as MOC), the modified method of characteristics (referred to as
MMOC), and a hybrid of these two methods (referred to as HMOC). This approach combines
the strength of the method of characteristics for eliminating numerical dispersion and the
computational efficiency of the modified method of characteristics. The availability of both
MOC and MMOC options, and their selective use based on an automatic adaptive procedure
under the HM OC option, make MT3D uniquely suitable for awide range of field problems.

T'he MT3D transport model is intended to be used in conjunction with any block--
centered finite-difference flow model such as MODFLOW and is based on the assumption that
changes in the concentration field wifl not affect the flow field measurably. This allows the
user to construct and calibrate a flow model independently. MT3D retrieves the hydraulic
heads and the various flow and sink/source terms saved by the flow model, automatically
incorporating the specified hydrologic boundary conditions. Currently, MT3D accommodates
the following spatial discretization capabilities and transport boundary conditions: (1) confined,
unconfined variably confined/unconfined aquifer layers; (2) inclined model layers and variable
cell thickness within the same layer, (3) specified concentration or mass flux boundaries; and
(4) the solute transport effects of extemal sources and sinks such as wells, drains, rivers, areal
recharge evapotranspiration.



Chapter 1
INTRODUCTION

1.1 PURPOSE AND SCOPE

Numerical modeling of contaminant transport, especially in three dimensions, is
considerably more difficult than simulation of groundwater flow. Transport modeling not only
is more vulnerable to numerical errors such as numerical dispersion and artificial oscillation,
but also requires much more computer memory and execution time, making it impractical for
many field applications, particularly in the micro-computer environment. There is obviously a
need for a computer model that is virtually free of numerical dispersion and oscillation, simple
to use and flexible for a variety of field conditions, and also efficient with respect to computer
memory and execution time so that it can be run on most personal computers.

The new transport model documented in this report, referred to asMT3D, isamodel for
simulation of advection, dispersion and chemical reactions of contaminants in groundwater
flow systemsin either two or three dimensions. The model uses a mixed Eulerian-Lagrangian
approach to the solution of the advective-dispersive-reactive equation, based on combination of
the method of characteristics and the modified method of characteristics. This approach
combines the strength of the method of characteristics for eliminating numerical dispersion and
the computational efficiency of the modified method of characteristics. The model program
uses amodular structure similar to that implemented in the U.S. Geologic Survey modular
three-dimensional finite-difference groundwater flow model, referred to as MODFLOW,
(McDonald and Harbaugh, 1988). The modular structure of the transport mode makes it
possible to simulate advection, dispersion, source/sink mixing, or chemical reactions
independently without reserving computer memory space for unused options; new packages
involving other transport processes can be added to the model readily without having to the
existing code.

The MT3D transport model was developed for use with any block-centered finite-
difference flow model such as MODFLOW and is based on the assumption that changes in
concentration fleld will not affect the flow field significantly. After aflow model is developed
and calibrated, the information needed by the transport model can be saved in disk files which
are then retrieved by the transport model. Since most potential users of atransport model are
likely to have been familiar with one or more flow models, MT3D provides an opportunity to
simulate contaminant transport without having to learn a new flow model or to modify an
existing flow model to fit the transport model. In addition, separate flow simulation and
calibration outside the transport model result in substantial savingsin computer memory. The
model structure also saves execution time when many transport runs are required while the
flow solution remains the same. Although this report describes only the use of MT3D in
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conjunction with MODFLOW, MT3D can be linked to any other block-centered finite-
difference flow model in a simple and straightforward fashion.

The MT3D transport model can be used to simulate changes in concentration of single--
species miscible contaminants in groundwater considering advection, dispersion and some
simple chemical reactions, with various types of boundary conditions and external sources or
sinks. The chemical reactions included in the model are equilibrium-controlled linear or non--
linear sorption and first-order irreversible decay or biodegradation. More, sophisticated
chemical reactions can be added to the model without changing the existing code. Currently,
MT3D accommodates the following spatial discretization capabilities and transport boundary
conditions: (1) confined, unconfined or variably confined/unconfined aquifer layers; (2)
inclined model layers and variable cell thickness within the same layer; (3) specified
concentration or mass flux boundaries; and (4) the solute transport effects of external sources
and sinks such as wells, drains, rivers, areal recharge and evapotranspiration.

1.2 SOLUTION TECHNIQUES

The advective-dispersive-reactive equation describes the transport of miscible
contaminants in groundwater flow systems. Most numerical methods for solving the advective-
dispersive-reactive equation can be classified as Eulerian, Lagrangian or mixed Eulerian--
Lagrangian (Neuman 1984). In the Eulerian approach, the transport equation is solved with a
fixed grid method such as the finite-difference or finite-element method. The Eulerian
approach offers the advantage and convenience of afixed grid, and handles dispersion/reaction
dominated problems effectively. For advection-dominated problems which exist in many field
conditions, however, an Eulerian method is susceptible to excessive numerical dispersion or
oscillation, and limited by small grid spacing and time steps. In the Lagrangian approach, the
transport equation is solved in either a deforming grid or deforming coordinate in afixed grid.
The Lagrangian approach provides an accurate and efficient solution to advection dominated
problems with sharp concentration fronts. However, without afixed grid or coordinate, a
Lagrangian method can lead to numerical instability and computational difficultiesin
nonuniform media with multiple sinks/sources and complex boundary conditions (Y eh, 1990).
The mixed Eulerian-L agrangian approach attempts to combine the advantages of both the
Eulerian and the Lagrangian approaches by solving the advection term with a Lagrangian
method and the dispersion and reaction terms with an Eulerian method.

The numerical solution implemented in MT3D is a mixed Eulerian-L agrangian method.
The Lagrangian part of the method, used for solving the advection term, employs the forward
tracking method of characteristics (MOC), the backward-tracking modified method of
characteristics (MMOC), or a hybrid of these two methods. The Eulerian part of the method,
used for solving the dispersion and chemical reaction terms, utilizes a conventional block--
centered finite-difference method.

The method of characteristics, which was implemented in the U.S. Geological Survey two-
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dimensional solute transport model (Konikow and Bredehoeft, 1978), has been use extensively
in field studies. The MOC technique solves the advection term with a set of moving particles,
and virtually eliminates numerical dispersion for sharp front problems. One major drawback of
this technique is that it needs to track alarge number of moving particles, especially for three-
dimensional simulations, consuming a large amount of both computer memory and execution
time. The modified method of characteristics (MMOC) (e.g., Wheeler and Russell, 1983;
Cheng et. al., 1984) approximates the advection term by directly tracking the nodal points of a
fixed grid backward in time, and by using interpolation techniques. The MMOC technique
eliminates the need to track and maintain a large number of moving particles; therefore, it
requires much less computer memory and generally is more efficient computationally than the
MOC technique. The disadvantage of the MM OC technique isthat it introduces some
numerical dispersion when sharp concentration fronts are present. The hybrid MOC/MMOC
technique (e.g., Neuman, 1984; Farmer, 1987) attempts to combine the strengths of the MOC
and the MM OC techniques based on automatic adaptation of the solution process to the nature
of the concentration field. The automatic adaptive procedure implemented in MT3D is
conceptually similar to the one proposed by Neuman (1984). When sharp concentration fronts
are present, the advection term is solved by the forward-tracking MOC technique through the
use of moving particles dynamically distributed around each front. Away from such fronts, the
advection term is solved by the MM OC technique with nodal points directly tracked backward
intime. When afront dissipates due to dispersion and chemical reactions, the forward tracking
stops automatically and the corresponding particles are removed.

The MT3D transport model uses an explicit version of the block-centered finite-difference
method to solve the dispersion and chemical reaction terms. The limitation of an explicit
scheme is that there is a certain stability criterion associated with it, so that the size of time
steps cannot exceed a certain value. However, the use of an explicit scheme isjustified by the
fact that it saves a large amount of computer memory which would be required by a matrix
solver used in an implicit scheme. In addition, for many advection-dominated problems, the
size of transport stepsis dictated by the advection process, so that the stability criterion
associated with the scheme for the dispersion and reaction processes is not a factor. It should
be noted that a solution package based on implicit schemes for solving dispersion and reactions
could easily be developed and added to the model as an alternative solver for mainframes, more
powerful personal computers, or workstations with less restrictive memory constraints.

1.3 ORGANIZATION OF THISREPORT

This report covers the theoretical, numerical and application aspects of the MT3D transport
model. Following thisintroduction, Chapter 2 gives a brief overview of the mathematical-
physical basis and various functional relationships underlying the transport model. Chapter 3
explains the mixed Eulerian-Lagrangian solution schemes used in MT3D in more detail.
Chapter 4 discusses implementational issues of the numerical method. Chapter 5 describes the
structure and design of the MT3D model program, which has been divided into main program
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and a number of packages, each of which deals with a single aspect of the transport simulation.
Chapter 6 provides detailed model input instructions and discusses how to set up a simulation.
Chapter 7 describes the example problems that were used to verify and test the MT3D program
The appendices include information on the computer memory requuements of the MT3D
model and its interface with a flow model; printout of sample input and files; explanation of
several post-processing programs and tables of abbreviated input instructions.

1.4 ACKNOWLEDGEMENTS

| am deeply indebted to Dr. Charles Andrews, Mr. Gordon Bennett and Dr. Stavros
Papadopulos for their support and encouragement, and for reviewing the manuscript. |1 am also
very grateful to Mr. Steve Larson and Mr. Daniel Feinstein, with whom | have had many
helpful discussions. The funding for this documentation was provided, in part, by the United
States Enviromnental Protection Agency.



Chapter 2
FUNDAMENTALSOF THE TRANSPORT MODEL

2.1 GOVERNING EQUATIONS

The partial differential equation describing three-dimensional transport of contaminants
in groundwater can be written as follows (e.g., Javandel, et. al., 1984):

8C 8. 8. 8 q, a
7wl xRl LR 1
i J i

where

C isthe concentration of contaminants dissolved in groundwater, ML;

t istime, T;

X; isthedistance along the respective Cartesian coordinate axis, L;
D; isthehydrodynamic dispersion coefficient, L*T™*

v, isthe seepage or linear pore water velocity, LT

0. isthevolumetric flux of water per unit volume of aquifer representing sources
(positive) and sinks (negative), T* ;

C, isthe concentration of the sources or sinks, ML;

2  isthe porosity of the porous medium dimensionless;

N
Y R, isachemical reaction term, ML®T™.
kal

Assuming that only equilibrium-controlled linear or non-linear sorption and first-order
irreversible rate reactions are involved in the chemical reactions, the chemical reaction termin
equation (2.1) can be expressed as (Grove and Stollenwerk, 1984):

N _
Py oC Py —
a— — - A(C + C
YRy MO (2.2)



where

P, is the bulk density of the porous medium, ML;
c is the concentration of contaminants sorbed on the porous medium, MM %;
8 is the rate constant of the first-order rate reactions, T-1

By rewriting the % Z—C term as:
t

Py aC Py oC ac (23)
0 ot 0 ot oC

and substituting equations (2.2) and (2.3) into equation (2.1), the following equation is

obtained:
£=1Dy£ _i(vic),,ﬁcs,,ﬂﬁﬁ_l C,,p"E (2.4)
ot ox, axj ox, 0 0 oC ot 0

Moving the fourth term on the right-hand side of equation (2.4) to the left-hand side,
equation (2.4) becomes:

Rﬁ_i[l) ac)_i(vic)+%cs_l[c+

Pba) (2.5)
ox,



where R is called the retardation factor, defined as

X

- 1.
R 0 aC (2.6)

Equation (2.5) is the governing equation underlying in the transport model. The transport
equation is linked to the flow equation through the relationship:

Ku on 2.7)

where
Ki; isaprincipal component of the hydraulic conductivity tensor, LT
h is hydraulic head, L.

The hydraulic head is obtained from the solution of the three-dimensional groundwater
flow equation:

0 oh oh
—| K + -5 —
axi( u 8xj] &% ot (2.8)

where
S, is the specific storage of the porous materials, L™.

Note that the hydraulic conductivity tensor (K) actually has nine components. However,
it is generally assumed that the principal components of the hydraulic conductivity tensor (K,
or Ky, Ky, K,,.) are aligned with the X, y and z coordinate axes so that non-principal
components become zero. This assumption isincorporated in most commonly used flow
models, including MODFLOW.



2.2 ADVECTION

The second term on the right-hand side of equation (2.5), ai(vic:) , iIsreferred to as the
*q

advection term. The advection term describes the transport of miscible contaminants at the
same velocity as the groundwater. For many practical problems concerning contaminant
transport in groundwater, the advection term dominates. To measure the degree of advection
domination, a dimensionless Peclet number is usually used. The Peclet number is defined as:

p,.LL (2.9)
D
where
|v] is the magnitude of the seepage velocity vector, LT,
L is a characteristic length, commonly taken as the grid cell width, L;
D is the dispersion coefficient, L2T".

In advection-dominated problems, also referred to as sharp front problems, the Peclet
number has alarge value. For pure advection problems, the Peclet number becomes infinite.

For advection-dominated problems, the solution of the transport equation by many
standard numerical procedures is plagued to some degree by two types of numerical problems
asillustrated in Fig. 2.1. Thefirst type is numerical dispersion, which has an effect similar to
that of physical dispersion, but is caused by truncation error. When physical dispersion is small
or negligible, numerical dispersion becomes a serious problem, leading to the smearing of
concentration fronts which should have a sharp appearance (Fig. 2. 1a). The second type of
numerical problem is artificial oscillation, sometimes also referred to as overshoot and
undershoot, asillustrated in Fig. 2.Ib. Artificial oscillation istypical of many higher-order
schemes designed to eliminate numerical dispersion, and tends to become more severe as the
concentration front becomes sharper.

The mixed Eulerian-Lagrangian method implemented in the MT3D transport model is
virtually free of numerical dispersion and artificial oscillation and is capable of handling the

entire range of Peclet numbersfrom 0to « asdiscussed in the next chapter.



23 DISPERSION

2.3.1 Dispersion Mechanism

Dispersion in porous media refers to the spreading of contaminants over a greater
regionthan would be predicted solely from the groundwater velocity vectors. As described by
Anderson (1984), dispersion is caused by mechanical dispersion, aresult of deviations of actual
velocity on amicroscale from the average groundwater velocity, and molecular diffusion, a
result of concentration variations. The molecular diffusion effect is generally secondary and
negligible compared to the mechanical dispersion effect, and only becomes important when
groundwater velocity isvery low. The sum of the mechanical dispersion and the molecular
diffusion is termed hydrodynamic dispersion.

Fig. 2.1. lllustration of common numerical errorsin contaminant transport modeling.

Although the dispersion mechanism is generally understood, the representation of
dispersion phenomena in atransport model is the subject of intense continuing research. The

dispersion term in equation (2.5), -9
ox,

sz_c) represents a pragmatic approach through which
%

realistic transport calculations can be made without fully describing the heterogeneous vel ocity
field, which, of course, isimpossible to do in practice. While many different approaches and
theories have been developed to represent the dispersion process, equation (2.5) is still the basis
for most practical simulations.

2.3.2 Dispersion Coefficient

The hydrodynamic dispersion tensor for isotropic porous mediais defined, according to
Bear (1979), in the following component forms:

v T T (2.98)



where
IIL
IIT
D*

Vy, Vy, V

a X z
+ + +
O e T T
V2 V2 V2
Dzz=¢LZ+¢Tx+uT_y+
|v] v Iv]
vy
D_-D, - (e, «r) |x |y
v

vy
D_-D_ - (o, a;) —

Xz

vy

D, -D, - (o, er) e

isthe longitudinal dispersivity, L;

is the transverse dispersivity, L;

is the effective molecular diffusion coefficient, L°T™;

,, are components of the velocity vector along the x, y, and z axes, LT %;

2 22)1/2 is the magnitude of the velocity vector, LT ™.

[v| = (vx2+vy

(2.9b)

(2.9¢)

(2.9d)

(2.9¢)

(2.9f)

Strictly speaking, the dispersion tensor defined by two independent dispersivities for
isotropic media as in equations (2.9a) to (2.9f) is not valid for anisotropic porous media, which
require five independent dispersivities (Bear, 1979). Unfortunately, it is generally not feasible
to obtain all five dispersivitiesin thefield. Asaresult, the usual practice in transport modeling
is to assume that the isotropic dispersion coefficient is also applicable to anisotropic porous

media



In addition to the isotropic dispersion described above, the MT3D transport model
supports an alternative form which allows the use of two transverse dispersivities, a horizontal

transverse dispersivity (*";,) and a vertical transverse dispersivity ('), as proposed by Burnett
and Frind (1987):

2 2 2
D, o = &1y A 1y A D (2.108)
v v] |v]
V2 V2 v2
Dyy- GL L4 + “TH_x + uTV_Z + ,D"r (210b)
V] v A4
2 2 2 (2.10c)
v, v, vy .
D~ o v &y v ey +D
| V] v
v, (2.10d)
ny= Dyx= (GL— GTH)W
D D~ (e, agy) % (210e)
v
Vsz
Dyr Dom (07 8z) 0T (2. 10f)

Equations (2.10a) to (2.10f) become equivalent to equations (2.9a) to (2.9f) when the two
transverse dispersivities are set equal.

24 SINKSAND SOURCES

The third term in the governing equation, %cs , 1Isthe sink/source term, which

represents solute mass dissolved in water entering the simulated domain through sources, or
solute mass dissolved in water leaving the simulated domain through sinks.

Sinks or sources may be classified as areally distributed or point sinks or sources. The
areally distributed sinks or sources include recharge and evapotranspiration. The point sinks or
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sources include wells, drains, and rivers. Constant-head and general head dependent
boundaries in the flow model are also treated as point sinks or sources because they function in
exactly the same way as wells, drains, or riversin the transport model.

For sources, it is necessary to specify the concentration of source water. For sinks, the
concentration of sink water is generally equal to the concentration of groundwater in the
aquffer and should not be specified. However, there is one exception where the concentration
of sinks may differ from that of groundwater. The exception is evapotranspiration, which may
be assumed to take only pure water away from the aguifer so that the concentration of the
evapotranspiration flux is zero.

25 CHEMICAL REACTIONS

The chemical reactions included in the MT3D transport model are equilibrium-controlled
linear or non-linear sorption and first-order irreversible rate reactions -- most commonly,
radioactive decay or biodegradation. More sophisticated chemical reactions can be added to
the model when necessary without modifying the existing program.

2.5.1 Linear or Non-linear Sorption

Sorption refers to the mass transfer process between the contaminants dissolved in
groundwater (solution phase) and the contaminants sorbed on the porous medium (solid phase).
It is generally assumed that equilibrium conditions exist between the solution-phase and solid--
phase concentrations and that the sorption reaction is fast enough relative to groundwater
velocity so that it can be treated as instantaneous. The functional relationship between the
dissolved and sorbed concentrations is called the sorption isotherm. Sorption isotherms are
generally incorporated into the transport model through the use of the retardation factor (e.g.,
Goode and Konikow, 1989). Three types of sorption isotherms are considered in the MT3D
transport model: linear, Freundlich and Langmuir.

The linear sorption isotherm assumes that the sorbed concentration ( ¢ ) isdirectly

proportional to the dissolved concentration (C):
€ =KL (2.11)

where K, is called the distribution coefficient, L3M™. The retardation factor is defined as

PooC 4, Poy

. 1.
R e o ¢ (2.12)




The Freundlich isotherm is a non-linear isotherm, expressed in the following form:

Cc-kc* (2.13)
where
K; is the Freundlich constant, (LM ™)?;
a is the Freundlich exponent, dimensionless.

Both K; and a are empirical coefficients. When aisequal to 1, the Freundlich isotherm is
equivalent to the linear isotherm. The retardation factor for the Freundlich isotherm is defined
accordingly as:

0 aC o (2.14)

. Ksc (2.15)
1-K,C
where
K, istheLangmuir constant, L*M™
s is the total concentration of sorption sites available, MM™.
The retardation factor defined for the Langrnuir isotherm is then
R.h""@_u""i (2.16)
0 aC 0 |(1.k,C)




2.5.2 Radioactive Decay or Biodegradation

The first-order irreversible rate reaction term included in the governing

equation, _x[c + ';" E) , represents the mass loss of both the dissolved phase (C) and the

sorbed phase (¢) with the same rate constant rate (8). The rate constant is usually givenin
terms of the half-life:

r - &2 (2.17)

172

wheret,, is the half-life of radioactive or biodegradable materials, or the time required
for the concentration to decrease to one-half of the original value.

For certain types of biodegradation, the rate constant for the dissolved and sorbed phases
may be different. Thus, inthe MT3D model, two general rate constants are used: one for the
dissolved phase (8,) and the other for the sorbed phase (8,) as shown below:

A(C P
0

The two constants should be set equal if the rate reaction simulated is radioactive decay,
since radioactive decay generally occurs at the same rate in both phases. If the simulated
reaction is biodegradation, the two rate constants can be entered as different values.

5) - A C - 12%5 (2.18)

It should be noted that the biodegradation process in the subsurface is complex and often
does not follow the first-order rate reaction equation (e.g., Suflita, et. al., 1987). Alternative
formulation for simulating biodegradation could be developed and added to the MT3D model
as anew option in the future.

2.6 INITIAL CONDITIONS

The governing equation of the transport model describes the transient changes of solute
concentration in groundwater. Therefore, initial conditions are necessary to obtain a solution of
the governing equation. The initial condition in general form is written as

C(x,y,2z,t) = C°(x,y,z) on V, t>0 (2.19)
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where

CE (X, Y, 2) isaknown concentration distribution and e denotes the simulated domain.
2.7 BOUNDARY CONDITIONS

The solution of the governing equation also requires specification of boundary conditions.
Three general types of boundary condition are considered in the MT3D transport model: (a)
concentration known around a boundary (Dirichlet Condition), (b) concentration gradient
known across a boundary (Neumann Condition); and (¢) a combination of (a) and (b).

For the first type of boundary condition, the concentration is specified along the boundary
and remains unchanged throughout the simulation, or,

C(xay:zat) = C°(x,y,z) on Fla =0 (220)

where * ;, denotes the specified-concentration boundary, and CE(x,y,2) is the specified
concentration along " ;.

In aflow model, a Dirichlet boundary is a specified-head boundary which acts as a source
or sink of water entering or leaving the simulated domain. Similarly, a specified-concentration
boundary in atransport model acts as a source providing solute mass to the unulated domain, or
as a sink taking solute mass out of the simulated domain. A specified-head boundary in the
flow model may or may not be a specified-concentration boundary in the transport model.

For the second type of boundary condition, the concentration gradient is specified across
the boundary, or,

DﬁZTC = g(x,y,z,t) on Iy, t=0 (2.21)

J

where q(x, v, z, t) is a known function representing the dispersive flux normal to the
boundary *,. A special case is along impermeable boundaries where q(x, y, z, t) = 0.

For the third type of boundary condition, both the concentration and concentration gradient
are specified, or,

aC
Da-a_ - Vic = g(x>J’=z>t) on P3’ tx0 (222)

Xy
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where g(x, v, z, t) isaknown function representing the total flux (dispersive and advective)
normal to the boundary *,. For impermeable boundaries, both dispersive and advective fluxes
are equal to zero so that g(x, y, z, t) = 0. On inflow or outflow boundaries, it is customary to
assume that the advective flux dominates over the dispersive flux so that the above equation
can be simplified to

_viC = g(-xay,zat) (223)

Equation (2.23) can be accommodated readily in the sink/source term of the governing
equation.



Chapter 3
EULERIAN-LAGRANGIAN SOLUTION

3.1 EULERIAN-LAGRANGIAN EQUATIONS

According to the chain rule, the advection term in governing equation (2.5) can be
expanded to

9 aC v, oC 4.
g(viC) -V, . + C . - Viax-+cg (3.1

Substituting equation (3. 1) into equation (2.5) and dividing both sides by the retardation
factor, the governing equation becomes

i(b E]v_E g5 (ccs)%(cu ""E) (3.2)

Vi

where, v, - e represents the "retarded" velocity of a contaminant particle.

L) , indicates

Equation (3.2) is an Eulerian expression in which the partial derivative, 5
t
the rate of change in solute concentration (C) at afixed point in space. Equation (3.2) can

also be expressed in the Lagrangian form as

ac | 4 Al . Pe=
D.— |- C-C -—=]C+ C
vaxj) R S R[ 0 ) (3.3)

DC aC —aoC

where the substantial derivative, > e indicates the rate of change in solute
t t x
i

concentration (C) along the pathline of a contaminant particle (or a characteristic curve of the
velocity field).

By introducing the finite-difference algorithm, the substantial derivative in equation
(3.3) can be approximated as

n+l n*

DC Cm - Cm

Dt At (3.4)



so that equation (3.3) becomes

n+l n* (35)
C, =C, + At x RHS
where
cr' isthe average solute concentration for cell m at the new time level (n+1);
c,)’  isthe average solute concentration for cell m at the new time level (n+1) dueto
advection alone, also referred to as the intermediate time level (n*);
At is the time increment between the old time level (n) and the new time level
(n+1);

RHS represents the finite-difference approximation to the terms on the right-hand side
of equation (3.3). The finite-difference approximation is explicit if the
concentration at the old time level C"isused in the calculation of RHS; it is
implicit if the concentration at the new time level C™* is used.

Equation (3.5) constitutes the basic algorithm of the mixed Eulerian-L agrangian method
used in the MT3D transport model. In this method, theterm ¢,”" in equation (3.5), which
accounts for the effect of advection, is solved with a Lagrangian method on a moving
coordinate, while the second term in equation (3.5), which accounts for the effects of
dispersion, sink/source mixing, and chemical reactions, is solved with afinite-difference
method on the fixed Eulerian grid.

Depending on the use of different Lagrangian techniques to approximate the advection
term, the mixed Eulerian-L agrangian method may be classified as. the method of
characteristics (e.g., Garder et. al., 1964; Konikow and Bredehoeft, 1978); the modified
method of characteristics (e.g., Russell and Wheeler, 1983; Cheng et. al., 1984); and a
combination of the two (e.g., Neuman, 1984; Farmer, 1987). Each of these three solution
schemes s utilized in the MT3D transport model. The concepts and the fundamental ideas
behind these solution schemes are discussed briefly in the next three sections. The numerical
implementation of these solution schemes is presented in detail in Chapter 4.

3.2 METHOD OF CHARACTERISTICS(MOC)

The MOC technique was implemented in the U.S. Geological Survey two-dimensional
transport model (Konikow and Bredehoeft, 1978), and has been widely used in field studies.
The method of characteristics uses a conventional particle tracking technique for solving the
advection term. At the beginning of the simulation, a set of moving particlesis distributed in
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the flow field either randomly or with a fixed pattern. A concentration and a position in the
Cartesian coordinate system are associated with each of these particles. Particles are tracked
forward through the flow field using a small time increment. At the end of each time
increment, the average concentration at cell m due to advection alone over the time increment,
or ¢, isevaluated from the concentrations of moving particles which happen to be located
within cell m. T'hisis expressed in the following equation (also see Fig. 3. 1):

cr.—Yc/
" NP 121: : (3.6)
where
NP is the number of particles within cell m;
c/ is the concentration of the I particle at time level n;

After completing the evaluation of ¢, for all cells, aweighted concentration, ¢ J, is
calculated based on ¢, and the concentration at the old time level C,,".

cr.ec) s q-0)) (3.7)

Fig. 3.1. [llustration of the Method Of Characteristics (MOC). A set of moving particles
are tracked forward during each time period. An intermediate concentration, equal
to the average of the concentrations of all particlesin the cell, is assigned to each
cell. Thisintermediate concentration accounts for the effect of advection during
the period since the preceding time level, and is used to calculate changesin
concentration due to dispersion and other processes over that period.

where T isaweighting factor between 0 and 1. ¢’ isthen used to calculate the second term
in equation (3.5), or the changes in concentration due to dispersion, sink/source mixing, and

chemical reactions (the terms on the right-hand side of equation 3.3) with an explicit finite
difference method, i.e.,

ACX' - At x RHS(C) (3.8)



The use of the weighted concentration in equation (3.8) represents an averaged
approach because the precesses of dispersion, sink/source mixing, and/or chemical reactions
occur throughout the time increment.

The concentration for cell m at the new time level (n+ 1) is then the sum of the ¢, and
ac' terms. The concentrations of all moving particles are also updated to reflect the change
due to dispersion, sink/source mixing, and chemical reactions. This completes the calculation
of one transport step for the method of characteristics. The procedure is repeated until the end
of adesired time period is reached.

One of the most desirable features of the MOC technique isthat it is virtually free of
numerical dispersion, which creates serious difficulty in many standard numerical schemes.
The major drawback of the MOC technique is that it can be slow and requires a large amount
of computer memory when it is necessary to track alarge number of moving particles,
especially in three dimensions. The MOC technique can also lead to large mass balance
discrepancies under certain situations because the MOC technique, like other mixed Eulerian-
Lagrangian solution techniques, is not entirely based on the principle of mass conservation.
In the MT3D transport model, the computer memory requirement for the MOC technique is
dramatically reduced through the use of a dynamic approach for particle distribution. The
mass balance discrepancy problem is also overcome to alarge extent through the use of
consistent velocity interpolation schemes and higher-order particle tracking algorithms.
Further discussion of these topics is given in the next chapter.

3.3 MODIFIED METHOD OF CHARACTERISTICS(MMOC)

The modified method of characteristics was originally developed to approximate the
advection term accurately without sacrificing a great deal of computational efficiency (e.g.,
Russell and Wheeler, 1983; Cheng et. a., 1984). The MMOC technique is similar to the
MOC technique except in the treatment of the advection term. Unlike the MOC technique,
which tracks a large number of moving particles forward in time and keeps track of the
concentration and position of each particle, the MM OC technique places one fictitious particle
at the nodal point of the fixed grid at each new time level (n+1). The particleis tracked
backward to find its position at the old time level (n). The concentration associated with that
position is used to approximate the ¢,*" term (also see Fig. 3.2):

C" . C"x) = C"x -
m s Ol O (3.9)



X5 is the position which a particle starting from nodal point m reaches when it
is tracked backward along the reverse pathline over the time increment )t;

X is the position vector of nodal point m;

d is the characteristic nodal displacement, or the distance along a particle path

from x,, to X;

C"(x,) isthe concentration at position X, at the old time level (n). Itisgenerally
interpolated from concentrations at neighboring nodal points.

The MMOC technique uses one particle for each finite-difference cell, whereas the
MOC technique generally requires several particles per cell. Therefore, the MMOC
technique, used in conjunction with a simple lower-order interpolation scheme, is normally
faster than the MOC technique. Furthermore, because the MM OC technique starts particles at
nodal points at each new time level, there is no need to store the particle identities in
computer memory. Hence, for problemsin which the MOC technique requires alarge
number of particles, the MMOC

Fig. 3.2. lllustration of theModified Method Of Characteristics (MMOC). One
fictitious particle is placed at each node and tracked backward in time to find its
position at the previoustime level. The concentration associated with that
position is the intermediate concentration due to the effect of advection during
the period since the preceding time level.

technique requires much less computer memory. The MMOC technique is also free of
artificial oscillations if implemented with alower-order interpolation scheme such as linear
interpolation (also referred to as bilinear in two dimensions or trilinear in three dimensions).
However, with alower-order interpolation scheme, the MM OC technique introduces some
numerical dispersion, especially for sharp front problems. Higher-order interpolation
schemes can be used to eliminate or reduce numerical dispersion. For example, Cheng et. al.
(1984) used a quadratic interpolation scheme in two-dimensional simulations and pointed out
that it is free of numerical dispersion. However, it is computationally less efficient than the
linear scheme and can lead to severe artificial oscillations for sharp front problems (e.g., Fig.
2. 1bin Chapter 2). Healy and Russell (1989) tested several interpolation schemes for one-
dimensional problems and concluded that a mixed linear/quadratic scheme can minimize both
numerical dispersion and artificial oscillations. However, it requires much more
computational work in a multi-dimensional simulation than the linear scheme and does not
conserve mass as well, thereby offsetting much of the advantage of the MM OC technique.
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