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Sensitivity analysis of pumping tests in
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Abstract An approach for better understanding of the physical impli-
cation of estimated aquifer parameters is demonstrated by analysing the
pumping test data at Cottam in the Nottingham aquifer, UK. A sensitivity
analysis showed that the area represented by the estimated parameters was
much smaller than the area covered by the depression cone. After para-
meters are estimated, further research should be carried out to understand
what portions of the aquifer the parameters represent. The parameters
estimated at Cottam represented mainly aquifer features between roughly
100 and 2000 m. The sensitivity analysis also showed that the observed
drawdown being satisfactorily matched by a model with uniform para-
meters does not prove that the aquifer is homogeneous. Slightly anomalous
data may imply the existence of large anomalous zones. Although the
drawdowns at Cottam could be ‘satisfactorily’ fitted by a model with
uniform parameters, the fit could be improved by a model using a more
permeable aquifer but with a zone about 700 m wide and with 42% less
transmissivity.

Analyse de sensibilité des essais de pompage des aquiféres
hétérogenes

Résumé Une tentative permettant de mieux comprendre la signification
physique des parameétres estimés d’un aquifére a ét€ entreprise a ’occasion
de I’analyse des données d’un essai de pompage réalisé a Cottam dans
I’aquifere de Nottingham (Royaume Uni). L’analyse de sensibilité dé-
montre que la région dont le paramétre estimé est représentatif est en fait
beaucoup plus petite que la région couverte par le cone de dépression.
Apres que les paramétres aient €té estimés, des recherches complémen-
taires devraient étre entreprises afin de comprendre de quelle portion de
I’aquifére ils sont représentatifs. Les parametres estimés a Cottam sont
essentiellement représentatifs des caractéristiques de I’aquifére entre 100
et 2000 m. Si I’analyse de sensibilité montre que le rabattement observé
peut étre expliqué par un modele d’aquifére homogéne, ceci n’est pas une
preuve de I’homogénéité de I’aquifére. Des données légérement anormales
peuvent impliquer I’existence d’une importante zone anormale. Quoique
le rabattement a Cottam puisse €tre ajusté de maniere satisfaisante grace
a un modele homogene, ’ajustement peut étre amélioré grace a un modéle
supposant un aquifére plus perméable mais comportant une zone d’environ
700 m de large dont la transmissivité serait de 42 % inférieure.

INTRODUCTION

Analysis of pumping tests based on the Theis equation under the assumptions
of homogeneity and isotropy has been practised for decades. The usefulness of
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parameters resulting from a conventional pumping test analysis has been dis-
cussed by a number of researchers. For example, Butler (1988) and Butler &
Liu (1993) derived analytical solutions for aquifers with a circular disk of
anomalous properties. They concluded that the change in drawdown is sensitive
to the hydraulic properties of a discrete portion of an aquifer for a time of
limited duration. At large times, drawdown is independent of near-well proper-
ties.

Numerical models have also been used to address the non-uniqueness of
parameter estimation in terms of pumping test analysis. Butler & McElwee
(1990) investigated the uncertainty problem in a radially symmetrical non-
uniform aquifer, with emphasis on finding a more rigorous methodology for
pumping test design and analysis. Based on the sensitivity analysis of draw-
down to parameters in different zones, they concluded that conventional
pumping tests were of limited effectiveness for defining the spatial distribution
of aquifer properties and suggested that a variable-rate pumping test can
increase the sensitivity of anomalous zones. Another important conclusion from
their study was that a parameter can be properly estimated when its sensitivity
is not only significant but also changing with time.

An approach for better understanding of the physical implications of
estimated aquifer parameters is demonstrated in this paper by analysing the
pumping test data at Cottam in the Nottingham aquifer, UK. The sensitivity
features of aquifer parameters in radially symmetrical non-uniform aquifers are
the theoretical basis of the discussion. It will be shown that the area represented
by the estimated parameters is much smaller than the area covered by the
depression cone. Therefore, when parameters are estimated by analysing
pumping data, it is natural to ask what portions of the aquifer the parameters
may represent. The analysis of the general sensitivity features of a non-uniform
aquifer will also show that observed drawdown being satisfactorily matched by
a model with uniform parameters does not prove that the aquifer is homo-
geneous. Slightly anomalous data may imply the existence of very large
anomalous zones. Therefore, after a pumping test, any anomalous readings
should be carefully examined for an indication of possible anomalous zones.

A numerical model specially designed by Rushton & Chan (1976) for
analysing pumping test data is used in this study. In their model, the radial
dimension is divided into discrete intervals that increase logarithmically. In the
following section, this model is modified to examine the features of parameter
sensitivity in non-uniform aquifers.

SENSITIVITY EQUATIONS

Sensitivity analysis is the study of a system’s response to various disturbances.
In this study, the disturbances of transmissivity 7" and storativity S to draw-
down s are considered. Mathematically, the sensitivity is a partial derivative
which represents the change in head or drawdown resulting from a change in
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a model parameter. For example, the sensitivity of drawdown to T can be
defined as:

U, = 3s/8T (1)

A disadvantage of the sensitivity defined by equation (1) is that its magnitude
depends on the dimensions and unit of the parameter. A normalized sensitivity
can be defined as (e.g. McElwee, 1987):

U', = Ts/aT = 3s/(dT/T) Q)

This equation demonstrates that normalized sensitivity describes the influence
of ratio changes in parameters. Thus, normalized sensitivities can readily be
plotted together and compared. The storativity sensitivity U, or normalized
storativity sensitivity Ug, can be defined in the same way. In terms of para-
meter estimation, the absolute magnitude of a sensitivity, not its signed value,
is of importance. When the word sensitivity is used hereafter, it means the
absolute magnitude of sensitivity.

As the drawdown can be solved as a function of distance and time in re-
sponse to defined initial and boundary conditions, the sensitivity of drawdown
to a parameter can be also solved as a function of distance and time in response
to the same conditions (McElwee & Yukler, 1978). For confined, radial flow
of groundwater to a pumping well, the flow can be represented by the fol-
lowing equation:
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where T(r) and S(7) are transmissivity and storativity, s(r, 7) is drawdown, 7 is
radial distance, r,, is well radius, Q is pumping rate, and ¢ is time.

Introducing a radial variable a = Inr, equation (3) then becomes
(Rushton & Chan, 1976):
0 as 5 as
— | TH—=| = r’S(H= (5)
3 [ ") aa] e

The sensitivity of drawdown at a given observation point to transmissivity and
storage at any point within the aquifer can be calculated using the following
equations:
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where Ui{(r, t; r, is the sensitivity of drawdown at (7, ¢) to transmissivity at r,,
equal to ds(r, 1)/0T(ry); Ur, t; r,) is the sensitivity of drawdown at (r, ¢) to
storativity at r,, equal to ds(r, 1)/dS(r,); A(r — r,) is a modified dimensionless
delta function which equals unity when r = r,, zero otherwise (Butler &
McElwee, 1990).

Equations (6) & (7) are obtained by taking the derivative of drawdown
s(r, £) to the transmissivity and storativity at r,. The similarity of the form of
equations (6) and (7) to that of equation (5) enables the computer code used for
the solution of equation (5) to be utilized for sensitivity analysis following
minimal modification. Detailed discussion of the solutions of these two
equations can be found in McElwee (1987).

SENSITIVITY FEATURES OF A RADIALLY NON-UNIFORM
AQUIFER

After the sensitivity equations for non-uniform aquifers are developed, the
sensitivity features of drawdown to parameters in a radial two-zone aquifer and
an aquifer with an anomalous zone will be discussed by using two hypothetical
examples.

Sensitivity of parameters in a radial two-zone aquifer

Consider an aquifer with two zones. The aquifer configuration, well locations
and parameters are shown in Fig. 1(a). The pumpage is 2500 m® day™'.
Figure 2(a) shows how the normalized sensitivity of the dimensionless
drawdown [(47T,s)/0] to S; changes with dimensionless time (7 2t/S2r%) in the
two observation wells. The sensitivity increases to a maximum at a few seconds
and then gradually decreases to zero. The sensitivity at 17.8 m is much smaller
than that at 4.2 m and the maximum is achieved much later. The maximum
sensitivity decreases markedly with the increase in distance between the obser-
vation and pumping wells. Both sensitivities become virtually zero after
t = 100 (about 0.001 day). After that, the drawdown is insensitive to .
Figure 2(b) shows the normalized sensitivity of the dimensionless
drawdown to 7; in the two observation wells. It increases very quickly at
4.2 m when pumping begins and becomes almost constant after # = 100, which
is also the time when the sensitivity to storativity becomes almost zero. As
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Fig. 1 Schematic representation of aquifers with radially symmetrical
anomalous zones.

discussed by Butler & McElwee (1990), the data in a period when the sensi-
tivity of a parameter is constant will not help much in estimating the parameter.
Therefore, in terms of estimating transmissivity in Zone 1, drawdown data
should also be collected in the very short time when the transmissivity
sensitivity changes significantly with time. Figure 2(b) also shows that the
sensitivity of the drawdown in Zone 2 (at » = 17.8 m) to 77 changes with time.
The sensitivity is very small and soon becomes zero. The reasons for the small
positive value were discussed by Jiao (1993). In terms of parameter estimation,
it implies that T, is very difficult to estimate using the drawdown in Zone 2.

The observation wells in the above example are very near the pumping
well. In a real pumping test, they are usually further away. It may be im-
possible for the sensitivity features of a zone very near the pumping well to be
displayed in the observation wells. Even when the non-uniform zone near the
pumping well is at a distance of a few tens of metres, close attention is still
needed to take readings in the observation wells during the very early obser-
vation periods if the aquifer features of the zone are to be examined. Similar
conclusions were also made by Butler & Liu (1993).
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Fig. 2 Normalized sensitivities of dimensionless drawdowns [(4#T,5)/Q] in
inner and outer zones to (a) storativity and (b) transmissivity of inner zone
changing with dimensionless tlme (th/Szrz) (T; = 600 m? day’,
S; = 1 x 104 T2—900m dayl, S, =2 x 10).

Sensitivity of parameters in a radial anomalous zone aquifer

Consider now an aquifer with an annular zone. The aquifer configuration, well
locations and parameters are shown in Fig. 1(b). The pumpage remains the
same as in the first case.

Assume that the background aquifer has parameters 7, = 600 m? day™
and S, = 1 X 10*and that the annular zone has parameters T, = 300 m? day'!
and §, = 0.5 X 10*. Figure 3(a) shows how the normalized sensitivity of the
dimensionless drawdown [(47T,s)/Q] to S, changes with dimensionless time
(Tbt/Sbl2), For all three observation wells, the plot of sensitivity against log-
time gives bell-shaped curves. This means that the influence of the parameters
of the zone only covers a limited time. The sensitivitiesat r = 4.2 and 17.8 m
are not very different, but the sensitivity at r = 42.2 m is much smaller.

Figure 3(b) shows how Uy, (the normalized sensitivity of the dimension-
less drawdown to zone transmissivity) changes with time. The sensitivity is
largest for the well at 4.2 m, though that in the well located in the zone is
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Fig. 3 Normalized sensitivities of dimensionless drawdowns [(4=T,5)/Q] in
inner aquifer, anomalous zone and outer zones of Fig. 1(b) to (a) storativity
and (b) transmissivity of zone changing with dimensionless time (7, bt/Sblz).
(T, = 600 m? day™, S, = 1 x 104 T, = 300 m? day!, §, = 0.5 x 10%).

comparable. In contrast, the sensitivity of the well at 42.2 m is very small. It
approaches a maximum and then decreases to zero at the time when the sensi-
tivity of the other two wells approaches constant values.

SENSITIVITY CHANGES WITH DISTANCE OF AN
ANOMALOUS ZONE

Consider a less permeable annular zone about 30 m wide, with transmissivity
300 m? day! and storativity 0.5 X 10 (equal to half of the values for the
background aquifer). An observation well is located at 4.2 m. The influence of
the zone on the observed drawdown is expected to change with the location of
the zone. Figure 4 shows the sensitivity of drawdown to (a) storativity and (b)
transmissivity in the less permeable zone when it starts at 13.3, 42.2 and
100 m from the pumping well, respectively. The sensitivities decrease with
increasing distance of the zone from the observation well. The more distant the
zone is from the observation well, the less the drawdown will reflect the






