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s u m m a r y

A coastal aquifer may consist of two zones of distinctly different hydraulic properties, with the coastal
zone of limited width and the inland zone of infinite width. The analytical solutions for groundwater level
response to tidal fluctuation in such a two-zone aquifer are derived and the underlying physical mean-
ings are discussed. A dimensionless zone-contrast parameter r is introduced, which is controlled by ratio
between the product of the transmissivity and storativity of the inland zone and that of the coastal zone.
In the coastal zone, the amplitude of groundwater head fluctuation attenuates more quickly when r
becomes greater. The amplitude declines exponentially with distance from the coastline, and the phase
lag increases linearly only when r = 1. In the inland zone, however, the head fluctuation always exhibits
an exponential attenuation of the amplitude and a linear increase of the phase lag for any value of r. Thus,
the diffusivity of the inland zone can be readily assessed with measurements of fluctuation amplitudes or
lags, as are frequently used when estimating aquifer parameters in homogeneous aquifers. Compared
with Jacob (1950) solution for a semi-infinite homogeneous aquifer, the existence of the coastal zone
reduces the amplitude in the inland zone by a spatially constant coefficient and increases the phase
lag by a spatially constant shift. Inverse estimation of aquifer parameters are discussed based on the ana-
lytical solutions. The analytical solutions are used to estimate the aquifer parameters in a coastal two-
zone aquifer located in the west part of Dongzhai Harbor, Hainan Province, China.

� 2009 Elsevier B.V. All rights reserved.

Introduction

Tidal fluctuation is an important driving force for groundwater
flow in coastal aquifers. The dynamic interaction between ground-
water and seawater has been well investigated through both
analytical and numerical methods. While numerical solutions can
be used to analyze this natural phenomenon (e.g., Carotenuto
et al., 1980; Pandit et al., 1991; Robinson and Gallagher, 1999;
Ataie-Ashtiani et al., 2001; Guo and Jiao, 2008), they need more
computational efforts. In some cases, analytical solutions are suffi-
cient to handle this kind of problem even though their application
is limited by a certain number of assumptions. Also, analytical
solutions can serve as instructional tools, be used for first-cut engi-
neering analysis and be used as benchmark problems for testing
numerical algorithms (Bear et al., 1999).

Many analytical studies have been conducted on groundwater
response to tidal fluctuation since the 1950s (e.g., Jacob, 1950;
Carr, 1971; Townley, 1995; Nielsen et al., 1997; Sun, 1997; Trefry,

1999; Jiao and Tang, 1999; Li et al., 2002, 2007). Most of these
existing studies assume that the aquifer is homogeneous.

Due to facies changes in stratigraphy, coastal aquifers may con-
sist of zones of different hydraulic properties. Such zonation may
be also caused by land reclamation, e.g., fill materials are dumped
along the coastal line to produce land for various purposes and the
hydraulic conductivities of the original aquifer and the fill materi-
als are distinctly different (Jiao et al., 2001; Guo and Jiao, 2007).
Trefry (1999) presented comprehensive solutions for a finite aqui-
fer consisting of arbitrary numbers of contiguous homogeneous
zones and subject to sinusoidal linear boundary conditions. As Tre-
fry pointed out, the complexity of the resulting expressions, even
for simple composite aquifers, can distract attention from the
underlying physics. In Trefry (1999) paper, some properties of
the composite solutions were explored graphically. However, some
underlying physical meanings of the solutions need be further ex-
plored. Trefry and Bekele (2004) testified the suitability of various
simple models of tidal propagation by use of a set of water level
time series collected along a transect through a sedimentary island
aquifer near Perth, Western Australia. They concluded that the
model involving composite heterogeneity accounted well for the
observed spatial bias in the well responses (attenuations and lags),
which could not be modeled by a homogeneous aquifer theory.
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In some coastal aquifers, a two-zone model (Fig. 1) may be suf-
ficient to represent some heterogeneity features without involving
too complicated mathematical presentation. This paper will focus
on a two-zone aquifer, with one zone of limited width and the
other of infinite width, which are referred to as coastal and inland
zones, respectively (Fig. 1). For example, in reclamation areas, the
aquifer reclaimed from the sea can be referred to as the coastal
zone, and the original aquifer can be regarded as the inland zone.
In such two-zone aquifers, the well-known Jacob (1950) solution
for homogeneous aquifers may not apply. Therefore, new models
accommodating two zones of different hydraulic properties need
be developed to explore groundwater response to tidal fluctua-
tions, and to estimate the aquifer property effectively. In Trefry
and Bekele (2004) paper, a one-dimensional two-zone model with
tidal fluctuations at both sides of the island was used to estimate
the aquifer properties. The two zones are both of limited width.
The two-zone model used in this paper has a tidal boundary only
at one side and the other side extends to infinite (Fig. 1). The model
represents a coastal aquifer with extensive landmass, which is
more common than island situation.

The objectives of this paper are twofold. First, analytical solu-
tions for groundwater level in the two zones of different aquifer
properties are derived and analyzed in details. Particularly, the
solutions are compared with the Jacob (1950) solution for a
semi-infinite homogeneous aquifer. The underlying physical
meanings of the solutions for tide-induced groundwater head fluc-
tuation in a two-zone aquifer are discussed thoroughly. Second, in-
verse estimation of aquifer parameters is analyzed based on the
analytical solutions. The derived equations are then used to inves-
tigate the water level fluctuation and to estimate the aquifer prop-
erties in a beach aquifer in Dongzhai Harbor, Hainan Province,
China where two zones of different aquifer properties were identi-
fied using field permeability tests.

Mathematical model and analytical solution

Mathematical model

Let the x axis be perpendicular to the coastline, horizontal and
positive landward. The coastline occurs at x = 0, and an aquifer dis-

continuity interface at x = L (Fig. 1). The datum of the system is
chosen to be the mean water level. The governing equations for
the one-dimensional groundwater flow in the two-zone aquifer are

Sj
@h
@t
¼ Tj

@2h
@x2 ðj ¼ 1;2Þ ð1Þ

where h(x, t) is the piezometric head [L], and Tj and Sj (j = 1, 2) are
the transmissivity [L2 T�1] and storativity (dimensionless) of the
coastal and inland zones, respectively; the subscript j = 1 corre-
sponds to the coastal zone and j = 2 to the inland zone. Strictly
speaking, Eq. (1) applies only to a confined aquifer. However, in
an unconfined aquifer, if the variation of h is small compared to
the aquifer thickness, which is often the case, the aquifer thickness
can be approximated by a constant value so that Eq. (1) can also ap-
ply to unconfined aquifers. In that case, Sj is approximately equal to
specific yield, Sy (Bear, 1972; Townley, 1995).

Assume that the initial piezometric head in the whole aquifer
system is zero, then the boundary condition at x ?1 is

hð1; tÞ ¼ 0:0 ð2Þ

which indicates that the effect of the tide diminished as x ap-
proaches infinity.

The boundary condition on the coastline can be expressed as

hð0; tÞ ¼
Xn

k¼1

Ak cosðxkt þ ckÞ ð3Þ

where Ak, xk and ck are the amplitude, frequency and phase shift of
the kth sinusoidal component of the tidal fluctuation, respectively.

The coastal zone has a width of L. At the discontinuity interface
at x = L, using the continuity of hydraulic head and flux, yields

hjx¼L� ¼ hjx¼Lþ ð4Þ

T1
@h
@x

����
x¼L�
¼ T2

@h
@x

����
x¼Lþ

ð5Þ

Analytical solution

The boundary value problems (1)–(5) are linear so that only one
tidal constituent is considered. Then the boundary condition (3) is
simplified as

hð0; tÞ ¼ A cosðxt þ cÞ ð6Þ

Details on derivation of the solution are presented in the appen-
dix. The final solutions are

hðx; tÞ ¼ AC1 expð�a1xÞ cosðxt þ c � a1x� h1Þ; 0 < x < L ð7aÞ

hðx; tÞ ¼ AC2 exp½�a2ðx� LÞ� cos½xt þ c � a2ðx� LÞ � h2�; L < x <1
ð7bÞ

where

C1 ¼
expð4a1LÞ þ 2g cos½2ða1L� a1xÞ� exp½2ða1Lþ a1xÞ� þ g2 expð4a1xÞ

expð4a1LÞ þ 2g cosð2a1LÞ expð2a1LÞ þ g2

� �0:5

ð7cÞ

C2 ¼
2 expða1LÞ

ð1þ rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
expð4a1LÞ þ 2g cosð2a1LÞ expð2a1LÞ þ g2

p ð7eÞ

Fig. 1. A sketch of a coastal two-zone aquifer.

h1 ¼ arctan
g expð2a1xÞfexpð2a1LÞ sin½2ða1L� a1xÞ� � g sinð2a1xÞg � g expð2a1LÞ sinð2a1LÞ

expð4a1LÞ þ g expð2a1LÞ cosð2a1LÞ þ g expð2a1xÞfexpð2a1LÞ cos½2ða1L� a1xÞ� þ g cosð2a1xÞg

� �
ð7dÞ
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h2 ¼
p
2
� arctan

expð2a1LÞ þ g
½expð2a1LÞ � g� tanða1LÞ

� �
ð7fÞ

The parameter aj [L�1] is defined as

aj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xSj=2Tj

q
ðj ¼ 1;2Þ ð7gÞ

which can be termed as the aquifer’s tidal propagation parameter;
the subscript j = 1 corresponds to the coastal zone and j = 2 to the
inland zone. The dimensionless parameter r is defined as

r ¼

ffiffiffiffiffiffiffiffiffiffi
T2S2

T1S1

s
¼ T2a2

T1a1
ð7hÞ

which can be termed as the zone-contrast parameter and repre-
sents the difference of the aquifer characteristic between the coast-
al and the inland zones.

The intermediate parameter g is defined as

g ¼ 1� r
1þ r

ð7iÞ

Discussion of the analytical solutions

Tide-induced groundwater head fluctuation in the coastal zone

The analytical solution for the groundwater head fluctuation in
the coastal zone is given by (7a), (7c), and (7d). Eqs. (7c) and (7d)
contain three dimensionless parameters: the dimensionless zone
width a1L, the zone-contrast parameter r, and the dimensionless
distance from the coastline a1x. With r = 1.0, Eqs. (7a), (7c), and
(7d) can be simplified as

h1ðx; tÞ ¼ A expð�a1xÞ cosðxt þ c � a1xÞ; 0 < x < L ð8Þ

which is the same as the Jacob (1950) solution for a semi-infinite
homogeneous aquifer. In this particular case, the amplitude of the
head fluctuation declines exponentially with distance from the
coastline, and the phase lag increases linearly. From Eq. (7h),
r = 1.0 means that two zones have the same hydraulic properties
or their properties are different but the product of T and S is the
same. This is interesting in that Jacob (1950) solution can apply in
the coastal zone even though the inland zone has different proper-
ties from the coastal zone, as long as the zone-contrast parameter
r = 1.0.

Eq. (7a) shows that the amplitude of groundwater fluctuation at
distance x from the coastline is AC1 exp(�a1x), and the phase lag
between fluctuations at the tidal boundary and in heads is
a1x + h1. In comparison with the Jacob (1950) solution (Eq. (8)),
the amplitude of head fluctuation in the coastal zone is changed
by a coefficient C1, and the phase shift is changed by h1, with C1

and h1 depending on the dimensionless distance towards the coast-
line a1x and the two dimensionless parameters a1L and r.

Fig. 2a shows the variation of the amplitude coefficient C1 with
dimensionless distance for different zone-contrast parameter r
when dimensionless width of the coastal zone a1L = 1.0. The fol-
lowing observations can be made if a1 is assumed a constant, i.e.,
the hydraulic diffusivity of the coastal zone is fixed. The landward
attenuation of the amplitude of head fluctuation is very sensitive to
the zone-contrast parameter r. With r = 1.0, C1 becomes 1.0 so that
the amplitude at distance x from the coastline is A exp (�a1x), indi-
cating that the landward attenuation of the amplitude is exponen-
tial. With r < 1, the value of the parameter C1 is greater than 1.0 and
increases with the dimensionless distance a1x. This implies that the
landward attenuation of the amplitude becomes more slowly com-
pared with the Jacob (1950) solution. With r > 1, the value of the
parameter C1 is lower than 1.0 and decreases with a1x, so the
amplitude attenuates more quickly compared with the Jacob

(1950) solution. If it is estimated with amplitude attenuation
method of the Jacob (1950) solution, the hydraulic diffusivity of
the coastal zone will be overestimated with r < 1 and underesti-
mated with r > 1. For an fixed dimensionless distance a1x, the val-
ues of C1 decrease with r, which means that the amplitude of head
fluctuation attenuates more slowly when r decreases.

Fig. 2b demonstrates how the phase shift h1 changes with
dimensionless distance for different values of the zone-contrast
parameter r with a1L = 1. The phase shift h1 can be positive or neg-
ative. A positive value of h1 indicates the phase lag is greater than
that of the Jacob (1950) solution. Similarly, a negative value of h1

indicates a lower phase lag. With r = 1, the phase shift h1 becomes
zero so that the phase lag is a1x, which means the phase lag in-
creases linearly with distance from the coastline. With r < 1, The
phase shift h1 increases from zero at the coastline to a maximum
and then decreases until reaching a negative value at the disconti-
nuity interface at x = L. The inverse trend occurs with r > 1, that is,
h1 decreases from zero first to a minimum and then increases to a
positive value.

Tide-induced groundwater head fluctuation in the inland zone

Eq. (7b) shows that the amplitude of groundwater fluctuation at
distance x from the coastline is AC2 exp [�a2(x � L)], and the phase
lag between fluctuations at the tidal boundary and in heads in the
inland zone is a2(x � L) + h2. Because the dimensionless parameters
C2 and h2 are independent of x, the amplitude of head fluctuation
attenuates exponentially with distance, and the phase lag increases
linearly. Comparison of (7b) with the Jacob (1950) solution shows
that the existence of the coastal zone reduces the amplitude in the
inland zone by a coefficient C2, and increases the phase lag by h2,
with C2 and h2 depending on two dimensionless parameters a1L
and r. To understand the influence of the coastal zone on the head
fluctuation in the inland zone, it is sufficient to investigate the
dependence of C2 and h2 on the dimensionless parameters a1L
and r.

Fig. 3a shows how the amplitude coefficient C2 changes with the
dimensionless parameter r for different values of the dimension-
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Fig. 2. Change of (a) the amplitude coefficient C1 and (b) the phase shift h1 with
dimensionless distance from the coastline a1x as dimensionless width of the coastal
zone is fixed at a1L = 1.0.
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less width a1L. The amplitude coefficient C2 decreases with both
a1L and r. As a1L = 0, which means that the coastal zone doesn’t ex-
ist, the amplitude coefficient C2 = 1, indicating that the damping ef-
fect of the coastal zone diminishes. As a1L increases, the damping
effect of the coastal zone increases, leading to high attenuation of
the head fluctuation during its propagation in the coastal zone.
Thus, the coefficient C2 decreases with increasing of a1L.

Fig. 3b shows how the phase shift h2 changes with r for different
values of a1L. The phase shift h2 is always greater than or equal to
zero and increases with a1L. This is because a high value of a1L
leads to high attenuation of the head-fluctuation signal while prop-
agating in the coastal zone, resulting in a great value of h2. As
a1L ? 0, that is, the damping effect of the coastal zone diminishes,
the phase lag h2 ? 0 (see Eq. (7f)). The parameter h2 increases with
r with 0 < a1L < p/2, and decreases with r with p/2 < a1L < p, which
can be easily understood by analyzing Eq. (7f). With a1L = p/2, the
phase shift h2 becomes a constant of p/2.

Case study in a coastal two-zone aquifer in Dongzhai Harbor,
Hainan Province, China

Background

The study site is located in the west part of Dongzhai Harbor,
Hainan Province, China. A field study including aquifer test and
water level monitoring was conducted in the beach aquifer be-
tween December 25, 2008 and January 10, 2008. Five shallow holes
of up to about 4 m deep were drilled by hand augers (Fig. 4). The
distance of these holes to the coastline ranges from about 60 to
110 m. Details of the holes are shown in Table 1. Slug tests were
conducted in two holes S1 and S2 by injecting water simulta-
neously and monitoring the water level using computer-operated
transducers.

Fig. 5 demonstrates how the water levels changed in the two
test wells during the slug tests. The water level was increased to
about 2 m and 2.5 m in S1 and S2, respectively after a sudden
water injection. The water level in the test well S1 fell much more
quickly than that in the test well S2. This indicates that the hydrau-
lic conductivity at well S1 is much higher than that at the well S2.

For test wells S1 and S2, the ratio of length to radius of the well
screen Le/R is about 25.6. If Le/R > 8.0, the following formula applies
(Fetter, 2001):
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Fig. 3. Change of (a) the amplitude coefficient C2 and (b) the phase shift h2 with
dimensionless parameter r for different values of dimensionless width a1L of the
coastal zone.

Fig. 4. Location of the study area and distribution of the observation and test wells.
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K ¼ r2 lnðLe=RÞ
2Let37

ð9Þ

where K is hydraulic conductivity (L/T), r is the radius of the well
casing (L), R is the radius of the well screen (L), Le is the length of
the well screen (L), and t37 is the time for the water level to rise
or fall to 37% of the initial change (T). Eq. (9) could be applied to
both confined and unconfined conditions for most piezometer de-
signs where the length can be significantly greater than the radius
of the well screen (Fetter, 2001). The calculated hydraulic conduc-
tivities at wells S1 and S2 are 6.77 � 10�5 m/s and 3.8 � 10�6 m/s,
respectively. The test results show that the hydraulic conductivity
at well S1 is more than one order of magnitude greater than that
at well S2. Soil description from these holes also suggests that the
soil near sea is more permeable than the soil further inland, so
the beach aquifer can be divided into two zones. A careful examina-
tion of the soil types on the ground and hole log information shows
that the zone boundary is about 82 m from the coastline. In the
coastal zone, the soil is very sandy and loose. In the inland zone,
however, the soil is very stiff and has high clay content.

Water level in holes and tidal level in the sea were measured
hourly for 3 days manually (Fig. 6). Examination of the tidal level
suggests that the fluctuation were dominated by diurnal
(x1 = 0.253 h�1) and semidiurnal (x2 = 0.506 h�1) components
and the tidal fluctuation may have the following form:

hTideðtÞ ¼ hmean þ
X2

k¼1

Ak cosðxkt þ ckÞ ð10Þ

where hmean, Ak, xk and ck are respectively the mean elevation of the
sea level, the amplitude, frequency, and phase shift of the tidal fluc-
tuation, with the subscripts k = 1, 2 representing the diurnal and
semidiurnal components, respectively. The fitting result of hmean is
0.957 m when the lowest elevation of the tidal fluctuation is taken
as the datum. The fitting results of the other four unknown param-
eters are: A1 = 0.739 m; c1 = 0.468; A2 = 0.378 m; and c2 = 4.112. The
fit of Eq. (10) to the observed tidal data is shown in Fig. 6a, which
indicates that the tidal fluctuation can be represented reasonably
well by Eq. (10).

Estimation of aquifer parameters

Assume that the mean elevation of the sea level is taken as the
datum, then, on basis of the superposition principle, Eqs. (7a) and

Table 1
Information about the observation and test wells and time series collected in Dongzhai Harbor, Hainan Province.

Wells Type Distance to coast (m) Time series

Start Length (d)

O1 (observation) Fully screened 60 December 25, 2007 3.0
O2 (observation) Fully screened 83 December 25, 2007 3.0
O3 (observation) Fully screened 111 December 25, 2007 3.0
S1 (test) Partially screened 79 Slug test on January 10, 2008
S2 (test) Partially screened 111

Fig. 5. Water level responses in the two test wells S1 and S2 during the slug tests on
January 10, 2008.

Fig. 6. Observed and fitted tidal data (a), and observed and calculated groundwater
head fluctuations at the observation wells O1 (b), O2 (c) and O3 (d) when the mean
elevation of the sea level is taken as the datum. The beginning time is 08:00 on 25
December, 2007.
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(7b) can be used to describe the tide-induced head fluctuation as
follows:

hðx1; t; a11; L; rÞ ¼
X2

k¼1

AkC1k expð�a1kx1Þ cosðxkt þ ck � a1kx1 � h1kÞ;

0 < x1 < L ð11aÞ

hðx2; t; a11; a21; L; rÞ ¼
X2

k¼1

AkC2k exp½�a2kðx2 � LÞ� cos½xkt þ ck

� a2kðx2 � LÞ � h2k�; L < x2 <1 ð11bÞ

where x1 and x2 denote the locations of the observation wells in the
coastal and inland zones, respectively; the subscript k = 1 repre-
sents the diurnal component, and k = 2 for semidiurnal component.
There are totally four parameters to be estimated in Eq. (11):
a11, a21, L and r (a11=a12 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1=x2

p
; and a21=a22 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2
p

).
Eq. (7b) shows that the amplitude of the water head fluctuation

in the inland zone declines exponentially with distance from the
coastline, and the phase lag increases linearly. Thus, on the basis
of the head fluctuation data in two observation wells in the inland
zone, the parameter a2k can be obtained as

a2k ¼ �
Dhk

Dx
¼ �Dðln AÞk

Dx
ð12Þ

where h and A are the phase shift and amplitude of groundwater
head fluctuations, and x is the distance from the coastline; the sub-
script k = 1 and 2 represent the diurnal and semidiurnal compo-
nents, respectively. If head fluctuation data in more than two
wells are available, the parameter a2k can be calculated as the slope
obtained by regression analysis of h � x or ln A � x plot. Then the
four unknown parameters (a11, a21, L and r) can be estimated by
solving a least-squares problem. The least squares objective func-
tion is as follows:

F ¼
X

m

X
n

½hðxm; tn; a11; a21; L; rÞ � hðxm; tnÞ � �2 þ ða21 � ap
21Þ

2

ð13Þ

where the indexes m and n denote summation over the observation
wells and monitoring time, respectively. The first term on the right-
hand side represents the sum of the squared difference between the
calculated (h) and the observed h�j water heads. The second term on
the right-hand side represents a constraint as a penalty function,
where ap

21 is the estimated value of a21 with Eq. (12). The objective
function (13) combines information from the head data in both the
coastal and inland zones, and that from the previously estimated
value of the parameter a21. This efficiently alleviates the problem
of nonuniqueness, i.e., many combinations of the parameters can
produce the same fit (Carrera and Neuman, 1986; Boufadel et al.,
1998; Li et al., 2007).

Trefry and Bekele (2004) estimated the aquifer properties in an
island aquifer near Perth, Western Australia using a one-dimen-
sional two-zone model with tidal fluctuations at both sides of the
island. Their objective functions (their Eqs. (20)–(22)) contain five
unknown parameters, the storage S and the transmissivity T for
each zone plus the interface location L. In the objective function
in this paper (Eq. (13)), there are only four unknown parameters.
This decreases in parameter dimension, simplifies the regression
problem, and avoids statistical correlations between estimated
parameters.

Aquifer parameter estimation in the beach aquifer in Dongzhai Harbor

As discussed before, the discontinuity interface is located at
about 82 m from the coastline. The three unknown parameters
(a11, a21 and r) are to be estimated by solving a least-squares prob-
lem. The least squares objective function is as follows:

F ¼
X

m

X
n

½hðxm; tn; a11; a21; rÞ � hðxm; tnÞ � �2 ð14Þ

The objective function (14) represents the sum of the squared
difference between the calculated (h) and the observed h�j water
heads in different observation wells. A Fortran code was developed
to handle this least-squares problem by use of the quasi-Newton
iteration method.

The three unknown parameters a11, a21 and r were estimated by
minimizing the objective function (14) based on the head data at
wells O1, O2 and O3. The estimated values of the parameters were:
a11 = 0.0043 m�1; a21 = 0.059 m�1; and r = 0.38. The calculated
mean objective function value at the optimum was about
0.02 m2. Fig. 6b–d shows the observed and calculated head fluctu-
ation curves at wells O1, O2 and O3, respectively. Using the esti-
mated values of a11 and a21 and x1 = 0.253 h�1, the hydraulic
diffusivities of the coastal and inland zones can be easily calculated
as 1.64 � 105 m2/day and 8.72 � 102 m2/day, respectively. The
hydraulic diffusivity of the coastal zone is more than two orders
of magnitude greater than that of the inland zone. After r, a1 and
a2 are obtained, K2/K1 can be obtained as 2.8 � 10�2 from Eq.
(7h). This matches reasonably well with the K2/K1 ratio of
5.6 � 10�2 estimated from slug test.

To compare the sensitivities of the objective function (14) to
various parameters, a normalized sensitivity analysis was per-
formed. The normalized sensitivity coefficient indicates the frac-
tional change of the objective function to a fractional change in a
parameter (Jyrkama et al., 2002):

S ¼ dF
da

a
F

ð15Þ

where F is the objective function, and a is a system parameter. Each
parameter is perturbed from its original value, while all the other
parameters remain unchanged. The normalized sensitivity coeffi-
cient allows the comparison of various system parameters to deter-
mine the parameters that have the greatest (or least) impact on the
objective function.

The normalized sensitivity coefficients of the objective function
(14) for a11, a21, r and L are calculated as 0.39, 0.11, 0.19 and 0.95,
respectively. The results show that all the sensitivity coefficients
are positive, indicating that the objective function value increases
with each parameter. The objective function is most sensitive to
L, quite sensitive to a11, much less sensitive to r, and least sensitive
to a21. Therefore, precise estimation of L is important. The estima-
tion process was repeated without making any assumption on the
value of L, i.e., the location of the interface is regarded as an un-
known variable. The estimated value of L is almost the same as
the observation value, which implies that the observation data
set is sufficient to fix the discontinuity location.

The ground water level fluctuations in a coastal aquifer may be
also related to other natural loading events, such as Earth tides,
barometric changes, and precipitation, as well as human activities
(Trefry and Bekele, 2004). For the specific site, the error in the
match between the observed and calculated water levels may be
caused by the following factors. The sea tide fluctuation may be
more complicated than that expressed by Eq. (10) which only con-
siders simple diurnal and semidiurnal components. There is a slop-
ing beach but in the model the coastline is assumed to be located at
the middle point of the intertidal zone. However, the exact reasons
for the difference between the observed and calculated water lev-
els are unclear.

Conclusions

In some cases, a coastal aquifer may be divided into two zones
of different hydraulic properties, with one coastal zone of limited
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width and the other zone of infinite width. This paper investigates
the groundwater response to tidal fluctuation in such a two-zone
aquifer. The analytical solutions of tide-induced groundwater head
fluctuation in both the coastal and inland zones are derived and
analyzed in detail. A dimensionless zone-contrast parameter
(r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2S2=T1S1

p
) is defined to describe the difference of the prop-

erties between the coastal and inland zones. When the zone-con-
trast parameter r = 1, the analytical solution in the coastal zone
becomes the Jacob (1950) solution. It is interesting to note that
the Jacob (1950) solution for a semi-infinite homogeneous aquifer
can apply in the coastal zone of a two-zone aquifer as long as r = 1,
even though the aquifer properties of the inland zone are different
from those of the coastal zone.

In the coastal zone, the amplitude of the groundwater fluctua-
tion attenuates more quickly as r increases. The hydraulic diffusiv-
ity of the coastal zone will be overestimated with r < 1 and
underestimated with r > 1 if amplitude attenuation method of
the Jacob (1950) solution is used for the parameter estimation.
The phase lag in the coastal zone is complex. In comparison with
the Jacob (1950) solution, the phase lag increases and then de-
creases with distance from the coastline with r < 1. The inverse
trend occurs with r > 1, i.e., the phase lag decreases first and then
increases with landward distance.

In comparison with the Jacob (1950) solution, the existence of
the coastal zone reduces the amplitude in the inland zone by a spa-
tially constant coefficient and increases the phase lag by a spatially
constant shift, both of which are controlled by the zone-contrast
parameter r, and the diffusivity and width of the coastal zone.
The damping effect of the coastal zone decreases when the diffu-
sivity of the coastal zone increases or its width decreases. Similar
to the Jacob (1950) solution for a semi-infinite homogeneous aqui-
fer, the solution for the inland head fluctuation exhibits an expo-
nential attenuation of the amplitude and a linear increase of the
phase lag with distance from the coastline.

The solutions can be used to estimate the zone-contrast param-
eter, the location of the discontinuity interface, and the diffusivities
of the two zones. The applicability of the solutions for parameter
estimation is demonstrated by investigating the tidal and piezom-
eter data in a beach aquifer near Dongzhai Harbor, Hainan Prov-
ince, China. The estimated aquifer parameters match reasonably
well with those from the slug test.
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Appendix A: Derivation of the solutions (7a) and (7b)

Let H(x, t) be a complex function of the real variables x and t that
satisfies Eqs. (1), (2), (4)–(6). Thus the solution h(x, t) satisfies

hðx; tÞ ¼ Re½Hðx; tÞ� ðA1Þ
where Re denotes the real part of the complex equation.

Given the form of the boundary condition (Eq. (6)), the complex
function H(x, t) must be in the following form:

Hðx; tÞ ¼ AXðxÞ exp½iðxt þ cÞ� ðA2Þ
where X(x) is an unknown function of x, and i ¼

ffiffiffiffiffiffiffi
�1
p

. Substituting
(A2) into Eqs. (1), (2), (4)–(6), and rearranging the resultant equa-
tions, yield

X00ðxÞ � ixSj

Tj
XðxÞ ¼ 0 ðj ¼ 1;2Þ ðA3Þ

Xð0Þ ¼ 1 ðA4Þ

Xðþ1Þ ¼ 0 ðA5Þ

Xjx¼L� ¼ Xx¼Lþ ðA6Þ

T1
@X
@x

����
x¼L�
¼ T2

@X
@x

����
x¼Lþ

ðA7Þ

The general solutions to Eqs. (A3)–(A7) are

XðxÞ ¼ c1ea1ð1þiÞx þ c2e�a1ð1þiÞx 0 < x < L ðA8aÞ

XðxÞ ¼ c3ea2ð1þiÞx þ c4e�a2ð1þiÞx x > L ðA8bÞ

where aj (j = 1, 2) is the dimensionless parameter defined by (7g);
c1–c4 are unknown complex constants. Substituting (A8) into
(A4)–(A7) and then performing some routine calculation, one
obtains

c1 ¼
ð1� rÞe�a1ð1þiÞL

ð1þ rÞea1ð1þiÞL þ ð1� rÞe�a1ð1þiÞL ðA9Þ

c2 ¼
ð1þ rÞea1ð1þiÞL

ð1þ rÞea1ð1þiÞL þ ð1� rÞe�a1ð1þiÞL ðA10Þ

c3 ¼ 0 ðA11Þ

c4 ¼
2ea2ð1þiÞL

ð1þ rÞea1ð1þiÞL þ ð1� rÞe�a1ð1þiÞL ðA12Þ

where r is the dimensionless parameter defined by (7h). Substitut-
ing (A9)–(A12) into Eqs. (A8a) and (A8b), then into (A2), one can ob-
tain the complex function H(x, t). By calculating the real part of
H(x, t), as shown in Eq. (A1), one can obtain the solution h(x, t) given
by (7a) and (7b).
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